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Frequency Response

* Frequency Response: Given T.F. H(s)

S
ZH(jo) Vs

most time, plot <

1H(jow)| Vv.s. @isamp.resp.

IS phase resp.

(20log,, |H(jo)]| v.s. log, @

ZH(Jw) In’ v.s. log,,®
These are the Bode plot. In Matlab: bode
meaning:
Acoswt

H(s)

A|H(Jjw)|cos(at + ZH (jw))

MENG366 - Prof. Saeed Asiri

@profsaeedasiri

10/8/2023

2



asiri@melt

A better way to graphically display the frequency response!
Bode M agnitude Plot:
plots the magnitude of G(j w) in decibelsw.r.t. logarithmic frequency, i.e.,
IG(jo)|| , =20l0g,,|G(jw)| vs log,w
Bode Phase Plot:
plots the phase angle of G(jw) w.r.t. logarithmic frequency, i.e.,

Z£G(jw) VS log,,@

Benefits:
— Display the dependence of magnitude of the frequency response on the input
frequency better, especially for magnitude approaching zero
— Log axis converts the multiplications and divisions into additions and
subtractions, which are easier to handle graphically

— Allow straight-line approximations for quick sketch
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Example

3
Example: H(s)=——

S+3
If input =10cos(3t),w =3

. 3 1 . 3

H = =—, /H L——=-A45
HUel=l3 3= 75 “MU9)=43753

10
. output = — cos(3t —45°
p 7 ( )

Works only if H(s) is stable
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Ex: ©© 2%:}6(]@ = (jw()ia:)lgz-jw)
. 1+ o°
oo L
£G(jw) = £L(jo+1) - £(-0" +10jo)
=tan™ (w) — atan2 (106(), —a)z)

o | |G(jo) | DlogGjw) | £G(jo)
0.1 | 1.0049 0.0428 -83.8623
0.2 | 0.5098 -5.8520 -79.8358
0.5 | 0.2233 -13.0211 -66.2974

1 0.1407 _17.0329 -50.7016

2 0.1096 -19.2012 -37.8750

5 0.0912 -20.7988 -37.8750
10 0.0711 -22.9671 -50.7106
20 0.0448 -26.9789 -66.2974
50 0.0196 -34.1480 -79.8358
100 0.0100 -40.0428 -84.8623

(oo

©
(N
(®
—
(e

(=

(00

Wagnitude [ dB )

Phase Angle ( degree
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) T, S ]
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e e R s et e s it —
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TG -
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a5 T S S T I SRR
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Fregquency [ rad )
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Bode

(D

of LTl Systems

Transfer Function

G(s) = bs"+b s""+-- +bs+b, _ b (s-z)(s=2)-(s-2.)

s'+a,,s" "+ +as+a,  (S—p)(s-p,)-(s-p,)
Frequency Response

J —pl) (Jw Py)

|(jo-2z)|[(jo-z,)]

Bode Magnitude Plot

(Jw—pl)""‘(iw—pn)

: 1
20lo0g,,(|G(jw)|) = 20log,,(|b.,|)+ 20log _ +---+20log _
(6o = 2 1)+ 2o |2 Ak

JCO— pn)
+20l0g,, (|(j@ - z,)|) +--+ 20l0g,, (|(j@ - 2,)])
Bode Phase Plot

|

b,(jo-2)---(jo-27,) . S a4
LG(jo)=4 Goe D (o =pd) =/b,+ Ljo-2)+ L(jo-2)+--+ £L(jo-12,)

-Z(jo-p)-L(jo-p,)--—ZL(jo-p,)
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Ex: Find the magnitude and the phase of the following transfer function:

3s’+12s°+9s  3s(s+3)(s+1)
25® +225° +765+80 2(s+2)(s+4)(s+5)

S s(}s+1)(s+1) s(ls+1j(s+1)
_ 2x2x4x5 \ 3 _9 3
[ls+1 (£s+1j(}s+1j 80 (ls+1j[ls+1j(ls+lj
2 4 5 2 4 5

91,. (I1.
k. ) 9 .
30 Ja’| 31w+4 20Ioglo{|G(ja))|}:20Ioglo{%}+20Ioglo{|ja)|}+20Ioglo{

1]J. 1 1. N 1. N 1 1
E.la) Zja) g]a) —ZOleo{ij+4}—ZOlmlo{zjw+4}—20|®1o{

ZG(jw) :48;90+4(ja))+4(%ja)+1 +Z(jo+1)

—4(1 ja)+1j—4(1 ja)+1j—4(} ja)+1j
2 4 5

G(s) =

=
-

G(jw)|=

{ o L \ |
ey
e
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Term Magnitude 20 log|G| Phase, ¢(w)
1. Gain, 40 90°
- G(jw) = K .
Asymptotic ! s s ]
20log K
E dB 0 dw) 0°
curves for basic | e
—40 —90°
factors ’ i
2. Zero, 40
G(jw) =
(1 + jw/w)) 2
dB 0 d(w)
—20/|— : . . —as° |
-0 0.1w, P 100, i 0.1, @ 10w,
w w
3. Pole, 40 90°
G(jw) = |
(1 + jw/w)™ =0 o ' i
dB 0 d(w)
-20
= 0.1, P 10w, - 01w, P 10w,
w w
4. Pole at the origin, 40 90°
G(jo) = 1/jw
20 45
B o - ) Cf——t—
-20}—— N —45° f—— -
—40 —90°
0.01 01 1 10 100 0.01 0.1 1 10 100
w w
5. Two complex poles, 40 180°
0.1<¢<1,G(jw) =
(1+j2{u—uz)-1 W W T
u = w/w, dB 0 —
0.01 0.1 1 10 100 100
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(o}
D
1\
X
®
(7]

Standard Form of Transfer Function:
1 _g i \\
G, (ss=——, >0 N
s+1 NS
Frequency Response: ™\ : .
Rl e . Y\ 20dB/decade
Gpl(]a))z‘[ja)+l , >0 20 \
. 1 —
Gutio)] = 2 >
T°w” +1 Py \\
E N
G, (jo) =— atan2(zw,1) £ 40 \*
=—tan(zw) g
=
20log,, |Gp1( Ja))| g 0 —‘L-—-..-___
_ _10l0g, (%e” +1) A
( 1 & \\\\\
0dB, . lorw ==, N
T -45
~ 4 —3dB, ra)zlorwzlza)b i
T \Qi :
- 2 = \N\u.
20Ioglo(wb} tw. lorw AN w, 90 e
Q: By just looking at the Bode diagram, can you determine the 0.01/t 0.1/t v 10/t 100/t
time constant and the steady state gain of the system ? Frequency (rad/sec
break frequency= @,
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1st Order Real Poles

Transfer Function:

50
G(s)=——
() S+5
Plot the straight-line approximation of

G(s)’s Bode diagram:

G(s) = =2 —10x -+ g
S+5 —Ss+1 =
5
. 1 s
20l0g,,|G(jw)|= 20+ 20log,, -
~“jo+1
5
i 1.

-45

-90

10

N
N
™\
*
N
N
N
N
AN
N,
N
N
N\
N
~N
q
~
~
~N
\\
\\
H
| N
N
N
~N
~
~
~
~N
N
~
N
-1 0 A 1
10 10 10
Frequency (rad/sec)
1
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Bode Plots of 15t O

Standard Form of Transfer Function

(%

40 7 y
b /
G,(s)=rs+1 , >0 e ///
74
Frequency Response v 4
20 e
i /"
Ve -/
. 5 A A
20l0g,, (G, (jw) 5 e
2 2 <
=10log,, (7’0’ +1) g
e 1 g 90 =, -:____
0dB, . lorw ==o, 8 ’el =5
T a ¥ /
//
1 45 - /
~ < 3dB, w=10or w=—=aq, /
T 2 A
4
% //
a 1 /// e
20log,y| — |, . lOr® —=0, ~T77° - |
L a)b T 0.01/t 0.1/t 1/t 10/t 100/t

Frequency (rad/sec)

1
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1st Order Real Zeros =2
Transfer Function: 20 g
G(s) =0.7s+ 0.7 w
Plot the straight-line approximation of G(s)’s Bode 10 g2l
diagram: 5 5 //
© 0 "
= /
G(jw)=0.7(jo+1) = W] e 71
]
=
20log,,|G(jw)| = 20log,, 0.7 + 20l0g,,| jeo + 1] g’a %0 ‘
- - g ///ar
£G(jw) =Z(jo+1) = .
45 L
okl
-1 0 1 2
10 10 10 10

Frequency (rad/sec)
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Lead Compensator

Transfer Function: 5517
35s+ 35 30 i
s+5 20 o
. . r W ; 17
Plot the straight-line approximation of G(s)’s Bode 10
diagram: s
~ -10
i S58. 1 3 S
G(Ja)):—(JC()+1)1— 3 \\\
5 . c
— Jo+1 >
S s
;?? 90 S
1 i 1 z //////
20l0g,,|G(jw)|= 16.9 +20log,,|jw+1|+ 20log,, 1 £ iy
0 el T
: . 1 TR
£G(jo) =Z(jo+1)+ < T
1. 90 »
Jo+1
5 -1 0 1 2
10 10 10 10

Frequency (rad/sec)
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e 1st Order PoI

S . 7>0
Cuuls) = rs+1l

(c-l-

— Break Frequency
W, L [rad/s]

T

— Mag. Plot Approximation

0 dB from DC to @, and a straight line
with —20 dB/decade slope after o,

— Phase Plot Approximation

0 deg from DCto +w,. Between i,
and 10w, , a straight line from 0 deg to
—90 deg (passing —45 deg at w,). For
frequency higher than 10@,, straight
line on —90 deg.

Ig s Summary

w e W W o w

st Order Zeros
G,(s)=7s+1 , >0
— Break Frequency

0, =~ [radss]

T

— Mag. Plot Approximation

0 dB from DC to @, and a straight line
with 20 dB/decade slope after o,

— Phase Plot Approximation

0deg fromDCto m, Between 16 @b
and 10w, , a straight line from 0 deg to
90 deg (passing 45 deg at w,). For
frequency higher than 10w, , straight
line on 90 deg.

Note: By looking at Bode plots you should be able to determine the relative order of the system, its
break frequency, and DC (steady-state) gain. This process should also bereversible, i.e., givena

transfer function, be able to plot a straight line approximation of Bode plots.
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Bode

Standard Form of Transfer Function

1
Gpo (S) —~i 20
S \\\
Frequency Response ’ =
\\\~ —20dB{decade
-20 y
i pul
3 -40
= NN
g -60 s
g o
1 1 g
20|0910‘Gp0(ja))‘ = 2Ologlo _‘ = 2Ologlo _‘ “ s
o @
1
= 20'0910 — = _20|Oglo @ -90
0]
11 1 10 100 1000

Frequency (rad/sec)
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Bode Plots o

- -

(0]
@
((1' :
T

—

Standard Form of Transfer Function 60 351
i
. =g
Gzo (S) =S 40 § i
//
Frequency Response T S ’
q y hesp 20 //,.n 20dB/decaet
= A
IR
. . g sl
20|Oglo |Gzo( Ja))| - 20|0g1o | Jw| 5 20
=
= 20log,, @ g e
g 90
45
0
0.1 1 10 100 1000

Frequency (rad/sec)
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X
o
@
»»
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Standard Form of Transfer Function
2

a,
G ,(s) = n , 1>C>0 20
p2( ) Sz+2Ca)nS+a)n2 .
Frequency Response 0 ""}\
G, (jw)= . " | - A0dB/decade
p2 2 g
1.9 . 20w N
w + o, 40 Y
3
1 o -60
‘sz (] ja) E N
4@20)2 5 80 N
= wa=(g) =
®*® 2¢ £ o sy
. (0] o ~
LG S _L 1_ + 2} N \
pZ(Ja)) {[ a)n j J o, J g \-
2 -90
:-atanZ(Z(;a), (1— wZJJ
a, a,
: VNG
Peak (Resonant) Frequency and Magnitudefor ¢ < L o707 e 2
V2 0.01a, 0.1a, a  N\_ 0a, 100,

1 w, =5 w,

Frequency (rad/sec) °

o, =o.1-2° and ‘G

i
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N
=
(@
S
@
@
{
3

40
-_—
c=0.
20 C C g (0)

O e
= 20 C=0
2 (” =
L -40 "
2
S -60
=
§ o/—
=) Oh—%—; — L CT=001

m
¢ s o e N
= B S S Wy e O |
= o AN . £=0.5
-135 & i1 G 00107 \\\K
T s e R
-180 —r—
0.1, [on 10w,

Frequency (rad/sec)
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2nd Order System Frequency Response P

A Few Observations:
* Three different characteristic frequencies:
— Natural Frequency (@,)

— Damped Natural Frequency (@,): ®a = ®s 1-¢°
— Resonant (Peak) Frequency (@,): @ = 0,1-2C°

W, =wy= 0,

* When the damping ratio { > 0.707, there is no peak in the Bode magnitude plot. DO NOT confuse this
with the condition for over-damped and under-damped systems: when C < 1 the system is under-
damped (has overshoot) and when C > 1 the system is over-damped (no overshoot).

19
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Second-Order System

Transfer Function: ¥ 0
G(s) = 0
s® +10s+ 2500 g
Plot the straight-line approximation of G(s)’s Bode diagram: 40 N
‘\\\\%\\N\

2 80 IR

Gy()=s 1520 ~
S+ 20w S+, -120

o, = 2500,= @, =50

10
2w,

n

-90
@, = \1-2° =~ o,

-180

Phase (deg); Magnitude (dB)

2¢w, =10,— g = =0.1

0 2
w, =5 @ =58.7 10 10 10 10 10
Frequency (rad/sec)
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Bode Plots

Standard Form of Transfer Function

S+2w s+,
GZZ (S) ~ C 2

@,

Frequency Response

N
(®
©
(7

(

'(rF
>

80 3
yel
60
40
/el
20 y 4
g 0 /
(&) '"-4-/
©
3
£ 20
o] =~
g @, =5,
> ”
2 180
- ot
: //
(2]
]
e
o
90 /
///
]
0
0.01a@, 0.1a, f @, 10a, 100a,

Frequency (rad/sec)

1§
a)1= g a)n
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Bode Plots of Poles and Zero

Bode plots of zeros are the mirror images of the

N\

40 g
//
Bode plots of the identical poles w.r.t. the 0 dB line 5 0 T
. . : s
and the 0 deg line, respectively: 2 A
S 0 :IFE"_”
% i N /
= , ] N\
0 <
\\
N
-40
180 S S
-
= /
S /
Q i {1
g ° wi
8 \
-180 e
0.1m, @, 10a,
Frequency (rad/sec)
MENG366 - Prof. Saeed Asiri
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2nd Order Bode Diagram Summary e

* 2nd Order Complex Poles

2

L 1>C>0
s+ 20w, S+ a)n2 .

()

GpZ(S) b

— Break Frequency

w, =, [rad/s]

— Mag. Plot Approximation

0 dB from DC to @, and a straight line with
—40 dB/decade slope after m,. Peak value occurs at:

o, = o, +1-2C°

: 1
= [Gpll®)| . =—F7——
— Phase Plot Approximatio‘n p 2g-¢
0 deg from DC to (}é)C @, . Between (%)C ®,and 55 @,, a
straight line from O deg to —180 deg (passing —90 deg at w,).
For frequency higher than 55 @, , straight line on —180 deg.

« 2nd Order Complex Zeros

2 2
G, (s)="> +2C;°g5+°°n 12¢>0

— Break Freguency

w, =0, [rads]

— Mag. Plot Approximation

0 dB from DC to @, and a straight line with 40 dB/decade
sope after w,.

— Phase Plot Approximation
0 deg from DCt0 ()" e, Between (¥%)° w, and 5¢ @, ,
straight line from O deg to 180 deg (passing 90 deg at w,).
For frequency higher than 55 @, , straight line on 180 deg.
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Example

Combination of Systems = ———
Transfer Function: 355+ 35 30 e o
G(Sy= ey Lt
S(S+ 5) A s o &
Plot the straight-line approximation of G(s)’s Bode plots: 10
0
@ THL
1of -10 S
() ~ <
° * N :
= TN
E i id
g
=
§ 90
z i
RN A Y e
@ AL b i) e
o .
a e '
0 ------------ —~
-90 H H H HEH- H H H H™- - H N.IN.:\
-1 0 1 2
10 10 10 10

Frequency (rad/sec)

SUM THEM
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Combination of Systems

. { i-".—fﬁﬁ;\ |

25

Transfer Function: 40 -y
G(s) = 2500 R 1 - H0dB/decad8i -l
S(s? + 555+ 250) 0 PR ]
Plot the straight-line approximation of G(s)’s Bode plots: N T
H \ 0
-40 =A0dfBitecade 4
o
i) -80 \\l
2500 2500 1 1 1 = —BOcIBidecadie’™N
(S) = = 1 - 1 E \\
s(s+50)(s+5) 50x51 . ;s1. 4 5 _120 \
50 5 =
G(jw) =10x ! _il = g
= jo+11? Zjo+1 . 0 =43 a1
50 5 % """"""""""" i ~
o i i
= T S O R S O £ Hi ~
1 1 -90 % S JENCICN P .... . : =i
20log,,|G(jw)|= 20 +20log,, R S
20l0gy,10 — jo+1 i
50 NG
-180 \\
\\
1 N
+20log,,|—|+ 20log, | —— T~
1. i~
—lo+1 -270 -
5
10" 10° 10" 10° 10°
Frequency (rad/sec)
MENG366 - Prof. Saeed Asiri @profsaeedasiri 10/8/2023
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le "y

rm
?X
Q)
3
O

_50(s+2)

T s(s+10) ‘

T(s) = 10 1|ls +2 10 40
()= 2 | |Is+10 20
-20

S
-40
-60
-80

Magnitude (dB)

180

90

Phase (deg)

-90

-180

-270 1 : 3

Frequency (rad/sec)
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N

10 LA
17 il

VA

e T T T T T TN
| - \\\. ’ |

20 > Approximate

2
| |
= 1

] | ] —
\ ' \ , Y- 10 TSN
= ‘ ‘ : \\L ’\lﬁf s+ 10 = Actual / \\;
-20 ! LT : H ! : 0 N
| 1 | N N
i \ 0 . \\ H\"h | -10 4
-40 ! | ! — , R \\
| 1] LTINS | —20 N
60 | | T Ih
= ' g ' -30
0.01 0.1 }\ 1(12 100 o 0.1 11\ 1;\0 100 1000
+20dB/decade -20dB/decade +20dB/decade —-20dB/decade ® >
|80° | l T 77 T | —45° A1 bT T
90° | | I | ] | 1 . —55° —
| | H L | ] e | ~60° f
o ‘ ‘L L‘-/ T \ L~ 10 ‘ o / \ Approximate
A B L Ul g-es i N e
2 0 LR , | | = _ano / \
] ™~ | A 770 7T TN
N _m_. e "“J'u \ 1 . , | N\
I Wl s A
m I | ' \| ‘ i | 1 i I i —80° / 1 -
‘ Nt ] ' || | —gse S
i s l l | ™ T
~180° | f — —gp° '
0.01 Oj\l ;l\ ]19 190 > 0.1 -i-éfS"/decade ,1\ 10 —AfSOIdecade 120 1000
+45°/decade -45%/decade -45%decade +45%/decade +45%/decade +45%/decade
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Example

-

Combination of Systems

Transfer Function: G(s) = 2000(s” + s+ 25)
S(s+ 200)(<2 + 10+ 2500)

Plot the straight-line approximation of G(s)’s Bode diagram:

G(9) = 2000x25 $'+s+251 1 2500
200x2500 25 s 1 ., §*+10s+2500
200

. (25—a)2)+ ja)| 1
20log,,|G(jw)|= —20 +20log,, +20log,, |—
2010g;,0.1 | Jo

1 | 200 |

+20log,,|————+ 20l0g,, > .
2éojw+1 |(2500- ”) +10j|

28
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Margins on Bode Plots

2000(s” + s+ 25) 40

" 5(s+ 200)(S* +10s + 2500) 20
0

-20
-40
-60
-80

G(s)

Magnitude (dB)

180

90

-90

Phase (deg)

-180

-270 -
1071 10 10 102 10

Frequency (rad/sec)
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Margins on Bode Plots

>(T} > G(S) —>

In most cases, stability of this closed-loop

can be determined from the Bode plot of G:

— Phase margin > 0
— Ganmargin >0

MENG366 - Prof. Saeed Asiri @profsaeedasiri

10/8/2023
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- - - - -
Negative gain
R Positive gamn + margin
margin 4
t i \()/ @
L|db0 .
| : Log | ‘I | Log®
$ - |
- l:!],; : | | |
| I ||
L | | Y I |
1 I l '] l :
90° Lo 90° : |
| !
-180° . . 180° Lt -
AL \/1\ Too AL Toro
-270° |Positive phase 270° _ }
margin Negative phase
Y Y margin
Stable system Unstable system

31
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Margins on Bode Plots

W . gancross-over freq.
at a)gc,[G(ja))l =1 or OdB
PM : phasemargin
=180°+ £G(jw,.)
w .. phasecross-over freq.
2G(jw,, )=180°
GM : gain margin = —20Iog‘G(j a)pc} dB
=1/|G(jw,, ) invalue

|f ‘G(j a))( never cross 0 dB line (always below 0 dB line), then PM = .
If #G(jw) never cross—180° line (always above —180°), then GM = c.
If £G(jw) cross—180° several times, then there are several GM’s.

|f \G(J' CO] cross 0 dB severa times, then there are several PM’s.

32
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Margins on Bode Plots

100(s+1)

s+ 2)(s+5)

S+1
(ts+1is+D

Example; G(s)= (

=10

Bode plot on next page.
1. |G(jw) crossOdB linenear @ =100
Sowy. =~ 100
PM =
2. ZG(jw) cross—180°at w . =
S.GM =
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Margins on Bode Plots

N &(s)- 25— 4 1
ol = s(s? + 4s+ 25) slis®+2s+1

Cloved-loop steby [ity -
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Margins on Bode Plots
40 1

= 20
s(s +2) S(%S-l-l)

G(s) =
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Margins on Bode Plots
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= A L )
% -100} l

-150¢ o
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© 250} .
[ 10" 10° 10" 102

Frequency (rad/sec)

36

MENG366 - Prof. Saeed Asiri @profsaeedasiri 10/8/2023



asiAdG melt

Margins on Bode Plots

e k¥

-100t

T10/(s3+65%+5s 50
Megsy

-150¢+
-200¢
-250+

Phase (deg); Magnitude (dB)

100
wynmn
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107 10° 10
Frequency (rad/sec)

Bode Diagrams

0 C
/i"

sz—
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